We present an approach for pricing and hedging in incomplete markets, which encompasses other recently introduced approaches for the same purpose. In a discrete time, finite space probability framework conducive to numerical computation we introduce a gain-loss ratio based restriction controlled by a loss aversion parameter, and characterize portfolio values which can be traded in discrete time to acceptability. The new risk measure specializes to a well-known risk measure (the Carr-GemanMadan risk measure) for a specific choice of the risk aversion parameter, and to a robust version of the gain-loss measure (the Bernardo-Ledoit proposal) for a specific choice of thresholds. The result implies potentially tighter price bounds for contingent claims than the no-arbitrage price bounds. We illustrate the price bounds through numerical examples from option pricing.
markets. In an incomplete financial market which does not allow arbitrage opportunities it is well-known that there exists a set of "risk neutral" probability measures that make the (discounted) prices of traded instruments martingales. The set of risk neutral measures has the property that the value of the cheapest portfolio to dominate the pay-off at maturity of a contingent claim coincides with the maximum expected value of the (discounted) pay-off of the claim with respect to this set. This value, called the "super-hedging price", allows the seller to assemble a portfolio that achieves a value at least as large as the pay-off to the claim holder at the maturity date of the claim in all non-negligible events. The super-hedging price is the natural price to be asked by the writer of a contingent claim and, together with the bid price obtained by considering the analogous problem from the point of view of the buyer, constitutes an interval which is sometimes called the "no-arbitrage price interval" for the claim in question. However, these prices may not be useful in practice; see chapters 7 and 8 of Föllmer and Schied (2004) for a discussion and examples showing that the super-hedging price may be too high both from a theoretical and practical point of view. Bernardo and Ledoit (2000) introduced the gain-loss ratio for pricing and hedging contingent claims in incomplete financial markets. This approach advocates ruling out investment opportunities with a certain expected gain-loss ratio instead of ruling out only the arbitrage opportunities from financial markets since an investment opportunity with a reasonably high expected gain to loss ratio can be acceptable to many investors although it is not an arbitrage opportunity. This requirement of eliminating not only arbitrage but also gain-loss ratio opportunities from the market translates as a restriction in the dual space of martingale (pricing) measures, and leads to potentially tighter pricing bounds on contingent claims in incomplete markets. The Bernardo and Ledoit gain-loss pricing criterion was developed in a static, one-step (two period, single trading point) framework and it is easy to see that it depends on the objective probability measure that governs the market (in contrast to no-arbitrage pricing theory which does not depend on this measure except for sets of measure zero). The Bernardo and Ledoit gain-loss ratio criterion is an example of acceptable investment opportunities as discussed in Carr et al. (2001) . According to Carr et al., while arbitrage opportunities are absolutely acceptable to every investor, the continuity of preferences leads to existence and acceptability (by a wide variety of investors) of mildly risky investment opportunities. The acceptability criterion introduced by Carr et al. (2001) , and to which we also refer to as the Carr-Madan-Geman risk constraint, is as follows. Whether an investor holds a particular portfolio is determined by specifying a set of probability measures and associated floors which expected portfolio values must exceed to be deemed acceptable. Under the assumption that the liquid assets are priced so that each portfolio of assets has negative expected return under at least one measure, Carr et al. derived a counterpart to the first fundamental theorem of asset pricing. While Carr et al. worked in a single period finite probability setting (although they indicate an infinite state extension), Larsen et al. (2004) characterized the set of random variables that can be traded continuously to acceptability at a fixed future date according to the acceptability criterion of Carr et al. Pricing in incomplete markets using convex and coherent risk measures is a subject that is related to the present paper and continues to receive attention in the literature. To cite a few examples, provides explicit expressions for superhedging and subhedging prices of European options in discrete time markets using coherent risk measures. In the fundamental theorem of asset pricing is proved using the concept of a "good-deal" (a good-deal is defined by Cochrane and Saa Requejo (2000) as an investment opportunity with a high Sharpe ratio) under coherent risk measures. Extension to transaction costs is also given. Cerny and Hodges (2000) and Cerny (2003) present a theory of good-deal pricing, and develops a Sharpe-ratio based measure for pricing contingent claims in incomplete markets while Staum (2004) provides a theory of good-deal pricing in general spaces. Jaschke and Küchler (2001) study the link between good-deal pricing and risk measures. Björk and Slinko (2006) extend the theory of good-deal pricing to jump processes. Roorda et al. (2005) extend the theory of coherent risk measures to a dynamic setting while Klöppel and Schweizer (2007) develop a pricing approach based on indifference pricing using conditionally convex risk measures in dynamic, incomplete markets. Kallsen (2000) and Oberman and Zariphopoulou (2003) also treat utility based pricing in incomplete markets. Xu (2006) also develops a theory of pricing in incomplete markets using convex risk measures.
In the present paper, we develop a risk measure closely related to the aforementioned ideas in a discrete time, multi-period, finite probability setting while generalizing the gain-loss ratio constraint, inspired by a more recent contribution of Larsen et al. (2004) . In particular, we give a version of the gain-loss ratio criterion akin to the pricing framework of Carr et al. (2001) and Larsen et al. (2004) , which reduces to their results under a specific choice of a loss aversion parameter. On the other hand, for a trivial choice of "risk floors", we obtain a version of the gain-loss ratio risk measure of Bernardo and Ledoit under several trial measures, i.e., a robust version of the gain-loss ratio which alleviate to some extent the dependence on the original measure. Furthermore, the main result of the paper implies potentially tighter price bounds for contingent claims than the no-arbitrage price bounds. These bounds can be computed by solving linear programming problems which are routinely processed by modern algorithms and software. The price bounds may be considerably sharper than the no-arbitrage price bounds as illustrated with numerical examples. The risk measure given in the present paper is not, strictly speaking, a coherent risk measure since it violates the translation invariance property of coherent risk measures (Ruszczynski and Shapiro 2006) .
The present paper is also related to two previous papers of the author Pınar 2010) . In Pınar et al. (2010) a gain-loss ratio based pricing as in Bernardo and Ledoit is developed in incomplete, discrete time, finite state markets, and extended to cover proportional transaction costs. In Pınar (2010) , the gain-loss ratio is treated in a static (single period) but infinite state probability context where the probability measure can vary in a suitable uncertainty set defined by upper and lower limiting measures, or alternatively by a Bregman like distance restriction with respect to a central measure. The gain-loss risk criterion of the present paper generalizes the gain-loss restriction treated in Pınar et al. (2010) and Pınar (2010) .
The unifying theme in all the aforementioned approaches is to obtain a restriction on the set of admissible risk-neutral measures, and therefore yield sharper price bounds compared to no-arbitrage pricing while incorporating investor preferences, thus bridging the gap between arbitrage pricing theory and expected utility theory. It turns out that the notion of gain-loss measure is also related to prospect theory of Kahneman and Tversky (1979) proposed as an alternative to expected utility framework. In prospect theory, it is presumed based on experimental evidence that gains and losses have asymmetric effects on the agents' welfare where welfare, or utility, is defined not over total wealth but over gains and losses; see Grüne and Semmler (2008) and Barberis et al. (2001) for details on the use of the gain-loss function as a central part of welfare functions in asset pricing. This paper is organized as follows. After some preliminaries in Sect. 2 we state and prove the main result of the paper in Sect. 3. The result is specialized to the risk measures of Carr et al. (2001) and Larsen et al. (2004) , and that of Bernardo and Ledoit (2000) , respectively in Sects. 4 and 5. The implications of the main result for time t = 0, and pricing of contingent claims are investigated in Sects. 6 and 7, respectively. We illustrate the results of the paper with examples from pricing a European call option in Sect. 8.
Preliminaries
We assume as in King (2002) that security prices and other payments are discrete random variables supported on a finite probability space ( , F, P) whose atoms are sequences of real-valued vectors (asset values) over discrete time periods t = 0, 1, . . . , T . We further assume the market evolves as a discrete, non-recombinant scenario tree (hence, suitable for incomplete markets) in which the partition of probability atoms ω ∈ generated by matching path histories up to time t corresponds one-to-one with nodes n ∈ N t at level t in the tree. The set N 0 consists of the root node n = 0, and the leaf nodes n ∈ N T correspond one-to-one with the probability atoms ω ∈ . While not needed in the finite probability setting, the σ -algebras F t generated by the partitions N t are such that, F 0 = {∅, }, F t ⊂ F t+1 for all 0 ≤ t ≤ T − 1 and F T = F. A stochastic process is said to be (F t ) T t=0 -adapted if for each t = 0, . . . , T , the outcome of the process only depends on the element of F t that has been realized at stage t. Similarly, a decision process is said to be (F t ) T t=0 -adapted if for each t = 0, . . . , T , the decision depends on the element of F t that has been realized at stage t. In the scenario tree, every node n ∈ N t for t = 1, . . . , T has a unique parent denoted a(n) ∈ N t−1 , and every node n ∈ N t , t = 0, 1, . . . , T − 1 has a non-empty set of child nodes C(n) ⊂ N t+1 . We denote the set of all nodes in the tree by N , and t (n) encodes the time period to which node n belongs. The set A(n, m) denotes the collection of ascendant nodes or the unique path leading to node n (including itself) from node m. The probability distribution P is obtained by attaching positive weights p n to each leaf node n ∈ N T so that n∈N T p n = 1. For each non-leaf (intermediate level) node in the tree we have, recursively,
Hence, each non-leaf node has a probability mass equal to the combined mass of its child nodes.
A random variable X is a real valued function defined on . It can be lifted to the nodes of a partition N t of if each level set {X −1 (a) : a ∈ R} is either the empty set or is a finite union of elements of the partition. In other words, X can be lifted to N t if it can be assigned a value on each node of N t that is consistent with its definition on . This kind of random variable is said to be measurable with respect to the information contained in the nodes of N t . A stochastic process {X t } is a time-indexed collection of random variables such that each X t is measurable with respect N t . We use the notation X n t to denote the value of the stochastic process X t at time t and node n ∈ N t . The expected value of X t is defined by the sum
The conditional expectation of X t+1 on N t is given by the expression
The market consists of a single traded security with prices at time t and node n ∈ N t given by the scalar S n t . The number of shares of security held by the investor in state (node) n ∈ N t at time t is denoted π n t . Therefore, {π t } is an adapted portfolio process whose value at each state n ∈ N t is π n t ∈ R. The value of the portfolio at state n is S n t π n t . The assumption of a single security can be easily relaxed, and the development of the paper can be repeated for multiple securities, mutatis mutandis.
Definition 1
If there exists a probability measure Q = {q n } n∈N T such that
then the process {S t } is called a martingale under Q, and Q is called a martingale probability measure for the process.
We denote by Q the set of all probability measures that make S a martingale over [0, 1, . . . , T ], and use coS to denote the convex hull of a set S.
We have a finite number of scenario measures (also referred to as trial measures)
which may or may not include P. Furthermore, we have d floors f i ∈ R associated with each measure P i . Note that some (or all) of the f i s can be negative. In particular, Carr-Madan-Geman distinguished between valuation measures associated with a floor equal to zero, and stress measures which attach increased weight to states-of-nature corresponding to potential losses, with associated negative floors with a view to limit losses in those states of the world. We denote by f Q the quantity sup{
carrying a mild risk exist in the market, and are acceptable to some investors. We define the following notion of acceptability, referred to as λ-acceptability. A portfolio value is deemed λ-acceptable (λ ≥ 1) if the expected positive portfolio value reached at a future date (after trading) exceeds the sum of some predetermined lower bound (depending on the chosen measure) and λ times the expected negative portfolio value, under all given probability measures. I.e., if Z represents a financial position at time T in the future we define λ-acceptability as satisfaction of the system of inequalities of the type
More precisely, choose λ ≥ 1, and fixt ∈ {0, 1, . . . , T − 1}. We declare random variable X , measurable with respect to Nt , λ-acceptable at timet if there exists a trading strategy = {π t }, t ∈ {t,t + 1, . . . , T − 1} such that
Let Gt (λ) be the set of all random variables X measurable with respect to Nt that are λ-acceptable at timet. It is easy to verify that Gt (λ) is a convex set.
Proposition 1 The set Gt (λ) is convex.
Proof Let X ∈ Gt (λ). Then there exists a trading strategy = {π t }, t ∈ {t,t + 1, . . . , T − 1} such that
Since the function E[Z + − λZ − ] is concave in Z for λ ≥ 1, and
is linear in X and we have that the set of X and satisfying inequalities (1) forms a convex set in X and . The projection of this set on the set of X 's is also convex.
Let Xt (λ) denote the set of all random variables measurable with respect to Nt that satisfy the inequality
for all probability measuresỸ, measures Y and probability measures Q ∈ co{P i , i = 1, . . . , d} such that
C2 S is a martingale under the probability measureỸ ≡
where y 0 ≡ n∈N T y n . The main result of the paper is the following.
We will use the linear programming duality theorem, Theorem 1.3.2 of Ben-Tal and Nemirovski (2001) to prove the theorem (see Appendix for a statement of the linear programming duality theorem). Let us first formulate the λ-acceptability as a particular linear programming problem with identically zero objective function, i.e., as a feasibility problem, referred to as P, over variables π n , and non-negative variables
For ease of notation, let us denote the "leaf descendants" of an intermediate node m in the tree by L(m) = {n ∈ N T |m ∈ A(n, 0)}. The dual problem (D) is the following maximization problem over the non-negative variables α i , i = 1, . . . , d, and the variables y n , n ∈ N T .
There are two preliminary observations. First, since P is bounded (if it is feasible) and D is trivially feasible (set all dual variables to zero), by linear programming duality theorem (see Appendix) we have that P is feasible if and only if D is bounded above. Second, while y n is defined only for leaf nodes, and it is not necessarily a probability distribution, it can be turned into a probability distributionỹ n after dividing all y n by n∈N T y n and, furthermore for each non-leaf (intermediate level) node in the tree we have, recursively,ỹ
After this scaling operation, we observe that the first set of constraints expresses the conditions that make the price process S a martingale over [t, T ] with respect to the tree filtration (cf. Definition 1).
Proof of Theorem 1 Now, let random variable X , measurable with respect to N t , be λ-acceptable, i.e., X ∈ G t (λ). Hence, P is feasible, which implies by weak duality of linear programming that D is bounded above by zero. Therefore, whenever one can find y n , n ∈ N T which are not all zero satisfying the first set of constraints of the dual and
n where α i 's are not all zero and they add up to one, such that 1 ≤ y n /q n ≤ λ for all n ∈ N T , it is immediate to see thatỹ n = y n / n∈N T y n makes S a martingale over [t, T ] after extending theỹ n to intermediate nodes as explained above. Obviously, the y n , n ∈ N T and α i , i = 1, . . . , d so defined constitute a feasible solution for D. Since D is bounded above by zero, we have
Since this holds for any choice of α i (not all zero) such that
Thus, we have established that whenever one can find a probability measureỸ and Y with y 0 and probability measure Q ∈ co{P i , i = 1, . . . , d} fulfilling conditions C1-C2 we have (2). This concludes the proof of G t (λ) ⊆ X t (λ). Now, for the converse, let us assume that random variable X that is measurable with respect to Nt belongs to X t (λ). Then, for every probability measureỸ and measure Y and probability measure Q ∈ co{P i , i = 1, . . . , d} fulfilling conditions C1-C2 we have that (2) holds for X . However, any measure Y along with probability measure Q that satisfy C1-C2 is a feasible solution to the following linear program D2
which is dual to the linear program P2
over variables V, π n t , and non-negative variables x + n , x − n . Since under (11) any feasible solution to D2 leads to a non-positive objective function value, it holds that the optimal value in D2 is at most zero. This implies by the linear programming duality theorem that P2 is solvable with optimal value, V * say, which is also at most zero. This implies that P is feasible, which in turn implies that X ∈ G t (λ).
We shall explore special cases and consequences of the main result in subsequent sections.
The Carr-Geman-Madan risk measure
The Carr-Geman-Madan criterion is defined after specifying measures and associated floors as follows. For an investment opportunity to be acceptable the expected value at the fixed future date of the wealth process accumulated through trading should exceed the floor associated with each measure, and this should hold for every measure. Larsen et al. (2004) , gave a characterization theorem for acceptable portfolio values à la Carr-Geman-Madan, akin to Theorem 1 above in a continuous-time semimartingale setting. We obtain a discrete time, finite state probability version of their result as a corollary of Theorem 1.
For fixedt ∈ {0, 1, . . . , T − 1}X measurable with respect to Nt , is acceptable at timet if there exists a trading strategy π t , t ∈ {t,t + 1, . . . , T − 1} (see Larsen et al. 2004) such that
Let Mt be the set of all random variables X measurable with respect to Nt that are acceptable at timet. It is again easy to verify that Mt is a convex set. Let Qt denote the set of all random variables measurable with respect to Nt that satisfy the inequality
for all probability measures Q such that
CGM2 S is a martingale under Q over {t,t + 1, . . . , T }.
Here f Q is as defined previously.
Corollary 1 For t
The proof follows directly from Theorem 1 after taking λ = 1, and consequently y 0 = 1.
The Bernardo-Ledoit gain-loss risk constraint
The Bernardo-Ledoit acceptability criterion can be viewed as follows. A risky investment is deemed acceptable if the ratio of expected positive part of portfolio values to their expected negative parts exceeds a certain allowable minimum λ. Equivalently, acceptability can be stated as the expected gains exceeding λ times expected losses. In our formulation (1) of λ-acceptability taking f i = 0, i = 1, . . . , d, we obtain the Bernardo-Ledoit gain-loss ratio criterion Bernardo and Ledoit (2000) extended to the presence of several trial measures. This extension allows to incorporate information about investor preferences by varying the choice of appropriately selected probability measures.
Choose λ ≥ 1. We declare X , measurable with respect to Nt , BL-acceptable under trial measures at timet if there exists a trading strategy π t , t ∈ {t,t + 1, . . . , T − 1} such that
Let B t (λ) be the set of all Nt measurable random variables X that are λ-BL-acceptable under trial measures at timet.
Let Z t (λ) denote the set of all Nt measurable random variables X that satisfy the inequality
BL2 S is a martingale under the probability measureỸ ≡ Y y 0 over {t,t + 1, . . . , T }.
Corollary 2 For t ∈ {0, 1, . . . , T − 1}, B t (λ) = Z t (λ).
If d = 1, i.e., we only have a single scenario measure which is the original measure P itself, then we are in the situation developed in the original Bernardo and Ledoit (2000) . In this case, let us denote the acceptable set at time t for a single measure by B s t (λ), and let Z s t (λ) denote the set of all random variables X measurable with respect to Nt that satisfy the inequality
for all probability measuresỸ and measures Y fulfilling
Corollary 3 For t
∈ {0, 1, . . . , T − 1}, B s t (λ) = Z s t (λ).
Acceptance today and associated optimization problems
A useful ramification of our results so far is to consider acceptability at time t = 0 for pricing contingent claims.
We declare x ∈ Rλ-acceptable at time t = 0 if there exists a trading strategy such that
Let G 0 (λ) be the set of all x ∈ R that are λ-acceptable at time t = 0. As a result of Theorem 1, the λ-acceptance set G 0 (λ) at time t = 0 is characterized as follows. Let X 0 (λ) denote the set of real numbers x satisfying the inequality
for all measures Y and probability measuresỸ, and Q ∈ co{P i , i = 1, . . . , d} satisfying (C1)-(C2). Then, as a corollary to Theorem 1, we have that
It is immediately seen that the lower limit for λ-acceptable initial positions at time 0 can also be viewed as the optimal value, ξ(0), of the optimization problem, referred to as 
The above problem can be simplified to a linear-fractional problem (which can be processed numerically in a routine manner by modern software) since we can get rid of the variablesỹ:
Notice that the feasible set of the above problem coincides with that of D2. A further simplification by defining a new set of variablesq n , for n ∈ N , andα i , for i = 1, . . . , d using the relations
results in the equivalent linear programming problem:
Therefore, we managed to transform D λ into an equivalent linear programming problem.
For the Carr-Geman-Madan risk constraint we simply take λ = 1 and obtain the linear programming problem DCGM
For the Bernardo-Ledoit gain-loss risk constraint under trial measures we obtain the (linear) feasibility problem DBL max 0
We shall now utilize the results of this section in pricing of European contingent claims using gain-loss criterion and its variants.
Contingent claims and pricing
Assume that a European contingent claim C with pay-off C T = {C n } n∈N T is available. The writer of the claim, who is β units short of the claim, is interested in computing the initial outlay X at time t ∈ {0, 1, . . . , T − 1} that will replicate the claim through trading until time T in the sense that he/she seeks a trading strategy π such that
be the set of all random variables X measurable with respect to Nt such that there exists a trading strategy satisfying the above system of linear inequalities time att.
Let X C t (λ) denote the set of all random variables measurable with respect to Nt that satisfy the inequality
for all measures Y and probability measuresỸ and Q ∈ co{P i , i = 1, . . . , d} satisfying conditions C1-C2. The following result is proved exactly as Theorem 1, hence the proof is left as an exercise.
Corollary 4 For t
This result can again be specialized to Carr-Geman-Madan and Bernardo-Ledoit risk constraints as in Sects. 4 and 5, respectively.
The lower limit for λ-acceptable initial positions at time 0 in the presence of a short position β in the claim C can also be viewed as the optimal value, ξ(β), of the optimization problem, referred to as
Based on D, we can rewrite this optimization problem
or, equivalently as,
and, finally passing to the equivalent linear programming problem as D price
For the Carr-Geman-Madan risk constraint we again take λ = 1 and y 0 = 1 to obtain the linear programming problem with objective function 
For an investor who is long β units of the claim, one can repeat the above development verbatim by replacing all occurrences of β by −β.
Following Larsen et al. (2004) the value (price) of a claim to the gain loss ratio risk optimizing seller is given by the quantity p(1) = ξ(1) − ξ(0) since the agent who is short the claim will need additional initial endowment ξ(1) − ξ(0). This seller price p(1) is dominated by the no-arbitrage seller's price sup{EỸ[C T ]|Ỹ ∈ Q} by the following reasoning. We observe that
Since we have
the assertion follows. Similarly, we have that the investor who is long the claim C, the additional initial capital requirement is ξ(−1), which leads to a buyer's price of
is bounded below by the price for the no-arbitrage buyer: inf{EỸ[C T ]|Ỹ ∈ Q}. To see this, observe that
the desired inequality follows. These two assertions show that the lower and upper prices obtained using the gain-loss criterion are tighter than the no-arbitrage price bounds.
Option pricing bounds under trial measures
In this section, inspired by a numerical example in Bernardo and Ledoit (2000) , and Longarela (2002), we illustrate the use of the results developed in the paper for computing price bounds on a European call option written on a stock in a Black-Scholes economy with alternative volatility specifications, first under the assumption that intermediate trading between the present and the expiry date of the option is not allowed, and then, in the absence of this assumption. Merton (1973) (see also Rubinstein 1976) showed that in a Black-Scholes setting without intermediate trading an appropriately chosen benchmark pricing kernel (risk-neutral probability measure) implies an option price equal to the Black-Scholes price. We shall see below that our price bounds converge to the Black-Scholes price corresponding to one of the volatility specifications as the loss aversion parameter λ goes down to one. Assume we have a stock and a bond, and we are trying to price a European call option written on a stock, with strike price equal to 100, and 1 year to expiration. The 1 year continuously compounded rate of return of the bond is 4.88%. We will take the viewpoint of the investor whose confidence in the volatility data in a Black-Scholes setting is limited, and will compute price bounds under this setting. For further details about this example, we refer the reader to Section 3 of Longarela (2002) and Section V of Bernardo and Ledoit (2000) .
Consider a discretization of the stock price at expiration of the option. We take as the possible realizations of the stock price the values S 1 = 41, S 2 = 42, . . . , S 120 = 160. Hence, the market is grossly incomplete. The option pay-off at expiration C takes the value 0 for = 1, . . . , 60 and then evolves as C 61 = 1, C 62 = 2, . . . , C 120 = 60. Assume the stock price is currently equal to 95. The no-arbitrage bounds for this incomplete market example are quite far apart: 0 and 28.21. We use the Black-Scholes risk-neutral probabilities as scenario measures under two different values of σ , namely σ 1 = 0.1409 (the value used in the example in Bernardo and Ledoit (2000) ) and σ 2 = 0. and standard deviation σ i for i = 1, 2. The floors f 1 and f 2 are equal to zero. In other words, the probability measures P 1 and P 2 are "valuation measures" in the terminology of Carr-Madan-Geman. Furthermore, we use a third measure P 3 as stress measure, and pick p 3 n = 1/60 for n = 1, . . . , 60, and f 3 = −0.001. We solve the resulting pricing problems D price for both the seller and buyer and plot the resulting values, p(1) and − p(−1) of the previous section, as a function of λ in Fig. 1 . Our first observation is that the price bounds are very reasonable compared to the no-arbitrage bounds which were far apart. A second observation is that the seller bounds show a steeper decrease as λ approaches one while the buyer bounds change almost linearly. The piecewise linear shape of the seller price curve stems from the following observed fact. For values of λ over a certain threshold (λ > 1.009) in our chosen numerical example, the stress measure P 3 plays a role in computing the price bound (i.e., the corresponding α 3 is positive in the optimal solution, which implies that the risk constraint is tight since the investor is increasingly more loss averse as λ is larger), but as λ is decreased further, the emphasis switches to probability measure P 1 , i.e., the benchmark risk-neutral Black-Scholes measure corresponding to σ 1 , and the seller price converges to the associated continuous-time Black-Scholes price of 5.22. The behavior of the variables α i , i = 1, 2, 3 is exhibited in Fig. 2 for values of λ close to one.
On the other hand, for the entire range of λ exhibited in the figures, the buyer price is dominated by P 1 , and it converges to the continuous-time Black-Scholes price of 5.22 as in Bernardo and Ledoit (2000) . Bounds on call option price where the initial price of the underlying is equal to 95. The option expires in 1 year and has strike K = 100, the 1 year continuously compounded risk free rate of return is 4.88%, and and the standard deviation of the continuously compounded rate of return on the stock is taken to σ 1 = 0.1409, and σ 2 = 0.2 per year, respectively. The probability distribution P 3 gives equal weight to the first 60 states of nature, and the associated floor is equal to −0.001. The upper curve represents the seller price bounds while the lower curve represents the buyer price bounds In our second example, we allow trading in the bond and in the underlying after six months. We construct the following scenario tree. At the intermediate trading point the stock can take the following eleven different values (44, 55, 66, 77, 88, 99, 110, 121, 132, 143, 154) 2 ) and standard deviation σ i * √ 0.5 for i = 1, 2. Each of these eleven nodes branch out to eleven further nodes with values ranging from 41 to 161 with a unit increment, i.e. 121 nodes. We calculate the conditional probabilities again and obtain the probability distribution of the 121 scenario paths. The no-arbitrage bounds for this option are 1.17 and 26.7, respectively. The stress measure is chosen as P 3 along with its floor f 3 exactly as in the previous example.
In Fig. 3 , we plot the upper and lower bounds obtained in the range of values of λ from two to three. Below λ = 2, the problems become infeasible. In this example one cannot decrease λ to one. The behavior of multipliers α is similar to the case of the previous example (so, we omit the supporting plot) in that the stress measure P 3 plays a role in pricing the option through a positive optimal value of α 3 (along with measure P 1 ) while measure P 2 becomes increasingly insignificant, as λ approaches the critical value of 2, and the investor's risk appetite increases. For values of λ in the range from 10 to 200, say where the investor loss aversion is significant, measure P 1 dominates.
Conclusions and future research
In this paper, we characterized the set of random variables that can be traded to acceptability defined as a gain-loss criterion exceeding certain floors associated with different measures. Our result, obtained in a discrete time finite probability setting, allowed to obtain as special cases the acceptability criterion of Larsen et al. (2004) (developed in continuous time) and that of Bernardo and Ledoit (2000) . The result was obtained through linear programming duality, and leads to linear optimization problems for pricing contingent claims, which are easily processed numerically. The results were illustrated on examples from option pricing with and without intermediate trading. An extension to the continuous trading setting as in Larsen et al. (2004) is a topic of current study.
